



















ON SOME CONJECTURES OF P. BARRY RELATED TO THE
RUEPPEL SEQUENCE
GUO-NIU HAN
Abstract. We prove several conjectures of Barry related to the Hankel de-
terminants of the modified Rueppel sequences.
1. Introduction
Recently P. Barry has made some observations on the Rueppel sequence in [2],
and stated several related conjectures. J.-P. Allouche and J. Shallit proved the first
three of them [1]. In this paper we prove some other conjectures of Barry about the
Hankel determinants of the modified Rueppel sequences. Recall that the Rueppel









n−1 = 1 + x+ x3 + x7 + x15 + · · ·
One reason that P. Barry studied Rueppel sequence is the relation with the famous
Catalan sequence [2, 3, 4]








We identify a sequence a = (a0, a1, a2, . . .) and its generating function f =
f(x) = a0 + a1x + a2x
2 + · · · . Usually, a0 = 1. For each n ≥ 1 the Hankel
determinant of the series f (or of the sequence a) is defined by
(1.1) Hn(f) :=
∣∣∣∣∣∣∣∣∣
a0 a1 . . . an−1





an−1 an . . . a2n−2
∣∣∣∣∣∣∣∣∣
.
We let H0(f) = 1. The sequence of the Hankel determinants of f is defined to be:
H(f) := (H0(f), H1(f), H2(f), H3(f), . . .).
In Sections 2, 3, 4, we will study the Hankel determinants of 1− xr(x), 1 + xr(x),
r(x)/(r(x) − x), and prove Barry’s conjectures 6/8/9,11,16 respectively.
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2. The Hankel determinants of 1− xr(x)
Let





= 1− x− x2 − x4 − x8 − x16 − · · ·
The first terms of the Hankel determinants B(x) are
H(B(x)) = (1, 1,−2, 3, 2,−3, 4, 3, 2,−3, 4,−5,−4,−3, 4, 3, 2, . . .)
Consider the sequence (−r1,−r2,−r3, . . .) obtained from B(x) by shifting two
times, i.e.,
T (x) =






It is also the negative shifted Rueppel sequence. Let gn = Hn(T (x)). We establish
the following characterization of gn.
Lemma 2.1. We have g0 = 1, g1 = −1, and
(2.2) gn = (−1)
n+1g2k+1−n−1,
where 2k < n+ 1 ≤ 2k+1.
Proof. First, Proposition 4 in [2] implies that g0 = 1, and
(2.3) g2n = (−1)
n(n+1)/2gn, g2n+1 = (−1)
(n+1)(n+2)/2gn.
Next, we prove (2.2) by induction on n by using (2.3). We can verify (2.2) is true
for n = 2, 3. Now, suppose that (2.2) is true for n ≤ 2m − 1 (with m ≥ 2). Two
cases are to be considered.
(i) The case of n = 2m is even. We need to prove that
(2.4) g2m = −g2k+1−2m−1, with 2
k < 2m+ 1 ≤ 2k+1.
Since 2k < 2m+1 ≤ 2k+1 is equivalent to 2k < 2m+2 ≤ 2k+1 or 2k−1 < m+1 ≤ 2k,
by the induction hypothesis we have
gm = (−1)
m+1g2k−m−1.








Hence (2.4) is true.
(ii) The case of n = 2m+ 1 is odd. We need prove that
(2.5) g2m+1 = g2k+1−2m−2, with 2
k < 2m+ 2 ≤ 2k+1.











Hence (2.5) is true. 
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Figure 1. Hankel determinant for n = 11, k = 3,m = 6
Let hn = Hn(B(x)) and sn = sign(hn).
Theorem 2.2. We have h0 = h1 = 1, h2 = −2, and for each n ≥ 2,
(2.6) hn = (−1)
n(hm + gm−1),
where 2k < n ≤ 2k+1 and m = 2k+1 − n+ 1.
Proof. Our proof is by the fundamental properties of determinants. As illustrated




Sincem = 2k+1−n+1 or n−m = 2n−2k+1−1, the above identity implies (2.6). 
Lemma 2.3. For each n ≥ 1 we have
(2.7) sign(hn) = gn−1.
Proof. We prove (2.7) by induction on n. First we check that (2.7) is true for
n = 1, 2. Suppose that (2.7) is true for 1, 2, . . . , n − 1. By Theorem 2.2 and
Lemma 2.1, we have
hn = (−1)
n(hm + gm−1) = (−1)
ngm−1(|hm|+ 1) = gn−1(|hm|+ 1),
where 2k < n ≤ 2k+1 and m = 2k+1 − n+ 1. So that sign(hn) = gn−1. 
Lemma 2.3 and Theorem 2.2 imply the following corollary about the absolute
values of the Hankel determinants of B(x).
Corollary 2.4. We have |h0| = |h1| = 1, |h2| = 2 and
(2.8) |hn| = |h2k+1−n+1|+ 1,
where 2k < n ≤ 2k+1.
Now we are ready to prove Conjecture 6 of P. Barry [2].
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(2.11) |hn+1| − |hn| = (−1)
m,
where n = 2s(2m+ 1). Two cases are to be considered.
(i) The case of n = 2k+1, i.e., m = 0. By (2.8), we have
|hn+1| = |h2k+2−n|+ 1 = |hn|+ 1.
(ii) The case of 2k < n < 2k+1 or 2k + 1 < n+ 1 ≤ 2k+1. By (2.8), we have
|hn| = |h2k+1−n+1|+ 1;
|hn+1| = |h2k+1−n|+ 1.
So that
|hn+1| − |hn| = −(|hn′+1| − |hn′ |),
where n′ = 2k+1 − n < n. Hence we can prove (2.11) by induction on n. Since
k ≥ s+ 1, and
n′ = 2k+1 − n = 2k+1 − 2s(2m+ 1) = 2s(2(2k−s −m− 1) + 1),
By the induction hypothesis,
|hn′+1| − |hn′ | = (−1)
2k−s−m−1 = (−1)m+1,
so that
|hn+1| − |hn| = −(|hn′+1| − |hn′ |) = (−1)
m. 





is the paper-folding sequence, i.e. u2n = un, u4n+1 = 1, u4n+3 = 0.

















∣∣∣(−1)(2n+2)(2n+3)/2g2n+1 − (−1)(2n+1)(2n+2)/2g2n+1∣∣∣ = 0. 
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Barry’s Conjecture 9 is true by Corollary 2.6 (Barry’s conjecture 8) and the fact
that |a+ b|+ |a− b| = 2 for a, b ∈ {−1, 1}.
We give an algorithmic description of the sequence H(B(x)). For y = ±α where
α = 1, 2, . . ., we define
y+ = ±(α+ 1) and y− = ±(α− 1).
Theorem 2.7. The Hankel determinants hn of the sequence B(x) are characterized
by h0 = h1 = 1, and
(i) h8n+1 = h4n+1;
(ii) h8n+2 = h4n+2;
(iii) h8n+3 = −(h4n+2)
+;
(iv) h8n+4 = −h4n+2;
(v) h8n+5 = −h4n+3;
(vi) h8n+6 = (h4n+3)
+;
(vii) h8n+7 = h4n+3;
(viii) h8n+8 = (h4n+3)
−.
Proof. We prove Theorem 2.7 by induction. We verify that it is true for h2, h3, h4.





The “sign” parts of (i)-(viii) are derived by the above two identities. For the
“absolute value” parts, from relations (2.11), we have
(i) Let n = 2s(2m+ 1). Then,
|h8n+1| = |h8n|+ (−1)
m, |h4n+1| = |h4n|+ (−1)
m, |h4n| = |h4n−1| − 1,
|h8n+1| − |h4n+1| = |h8n| − |h4n| = |h4n−1| − 1− |h4n| = 0.
(ii) |h8n+2| = |h8n+1|+ 1 = |h4n+1|+ 1 = |h4n+2|.
(iii) |h8n+3| = |h8n+2|+ 1 = |h4n+2|+ 1.
(iv) |h8n+4| = |h8n+3| − 1 = |h4n+2|.
(v) |h8n+5| = |h8n+4|+ (−1)
n = |h4n+2|+ (−1)
n = |h4n+3|.
(vi) |h8n+6| = |h8n+5|+ 1 = |h4n+3|+ 1.
(vii) |h8n+7| = |h8n+6| − 1 = |h4n+3|.
(viii) |h8n+8| = |h8n+7| − 1 = |h4n+3| − 1. 
3. The Hankel determinants of 1 + xr(x)
Let





= 1 + x+ x2 + x4 + x8 + x16 + · · ·
The first terms of the Hankel determinants of B(x) are
H(B(x)) = (1, 1, 0,−1, 0, 1, 2,−1, 0, 1, 2, 3,−2, 1, 2,−1, 0, 1, 2, 3, . . .)
Consider the sequence (r1, r2, r3, . . .) obtained from B(x) by shifting two times, i.e.,
T (x) =







It is also the shifted Rueppel sequence. Let gn = Hn(T (x)). From Lemma 2.1 and
relation (2.3), we have g0 = g1 = 1, and
(3.2) g2n = (−1)
n(n−1)/2gn, g2n+1 = (−1)
n(n+1)/2gn.
and
(3.3) gn = (−1)
ng2k+1−n−1,
where 2k < n+ 1 ≤ 2k+1.
Let hn = Hn(B(x)) and sn = sign(hn).
Theorem 3.1. We have h0 = h1 = 1, h2 = 0. For each n ≥ 2, we have
(3.4) hn = (−1)
n−1(hm − gm−1).
where 2k < n ≤ 2k+1 and m = 2k+1 − n+ 1.
Proof. Our proof is by the fundamental properties of determinants. Similar to the




Since m = 2k+1 − n + 1, we have n − m = 2n − 2k+1 − 1. The above identity
implies (3.4). 
Lemma 3.2. For each n ≥ 3 we have
(3.5) sign(hn) = −gn−1,
with the convention that sign(0) = +1.
Proof. We prove (3.5) by induction on n. First we check that (3.5) is true for
n = 3, 4, 5. Suppose that (3.5) is true for 3, 4, . . . , n − 1. Let 2k < n ≤ 2k+1 and
m = 2k+1 − n+ 1, three cases are to be considered.
(i) The case of m = 1. By Theorem 3.1 and relation (3.3), we have
hn = (−1)
n−1(h1 − g0) = 0.
So that sign(hn) = 1 = −gn−1.
(ii) The case of m = 2. We have
hn = (−1)
n−1(h2 − g1) = (−1)
n = −1.
So that sign(hn) = −1 = −gn−1.
(iii) The case of m ≥ 3. We have
hn = (−1)
n−1(hm − gm−1) = (−1)
ngm−1(|hm|+ 1) = −gn−1(|hm|+ 1),
So that sign(hn) = −gn−1. 
Lemma 3.2 and Theorem 3.1 imply the following corollary about the absolute
values of the Hankel determinants of B(x).
Corollary 3.3. We have |h0| = |h1| = 1, |h2| = 0, |h2k+1 | = 0, and
(3.6) |hn| = |h2k+1−n+1|+ 1,
where 2k < n < 2k+1.
Now we are ready to prove Conjecture 11 of P. Barry [2].
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(3.9) |hn+1| − |hn| = (−1)
m,
where n = 2s(2m+ 1) ≥ 2. Three cases are to be considered.
(i) The case of n = 2k+1, i.e., m = 0. By (3.6), we have
|hn+1| = |h2k+2−n|+ 1 = |hn|+ 1.
(ii) The case of n = 2k+1 − 1. i.e., m = 2k − 1. By (3.6), we have
|hn| = |h2k+1−n+1|+ 1 = 1;
|hn+1| = 0.
So that
|hn+1| − |hn| = −1 = (−1)
m.
(iii) The case of 2k < n < 2k+1 − 1 or 2k + 1 < n+ 1 < 2k+1. By (3.6), we have
|hn| = |h2k+1−n+1|+ 1;
|hn+1| = |h2k+1−n|+ 1.
So that
|hn+1| − |hn| = −(|hn′+1| − |hn′ |),
where n′ = 2k+1 − n < n. Hence we can prove (3.9) by induction on n. Since
k ≥ s+ 1, and
n′ = 2k+1 − n = 2k+1 − 2s(2m+ 1) = 2s(2(2k−s −m− 1) + 1),
By the induction hypothesis,
|hn′+1| − |hn′ | = (−1)
2k−s−m−1 = (−1)m+1,
so that
|hn+1| − |hn| = −(|hn′+1| − |hn′ |) = (−1)
m. 
4. The Hankel determinants of r(x)/(r(x) − x)
Let us recall the following useful result [5, Lemma 2.2]




1 + u(x)x− xk+2G(x)
,
where u(x) is a polynomial of degree less than or equal to k. Then,







= 1 + x− x4 + x7 − x8 − x10 + 2x11 + · · ·
The first terms of the Hankel determinants of B(x) are
H(B(x)) = (1, 1,−1, 1, 1,−1, 1, 1, 1,−1, 1,−1,−1,−1, 1, 1, 1, . . .)







































So that Hn(B) = Hn−1(G). By Lemma 2.3, we derive
Hn(B) = sign(Hn(1− xr)). 
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